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Abstract 
It was known that every tree T  with maximum degree '  has 21 ( ) 2
T TO'  d d ' 
. In [14], Wang and Chen 
characterize completely the (2,1)-total labelling number of trees with maximum degree 3. In this paper, we 
characterize the (2,1)-total labelling number of trees with maximum degree 4. Let T  be a tree with 4'   that is 
not a star. If T  is not a generalized star and contains no this figure of a 4-vertex adjacent to three ot 
her 4-vertices, then T  contains one of the particular configurations.
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1. Introduction 
All graphs considered in this paper are finite simple graphs. For a graph G , we use ( )V G ,
( )E G , G_ _  and ( )G'  to denote its vertex set, edge set, order and maximum degree, respectively. The 
vertex-labelling of graphs arose from a variation of the Frequency Channel Assignment problem 
introduced by Hale [1].
In order to solve the Frequency Channel Assignment problem, Griggs and Yeh [2]  first introduced 
the (2 1)L   labelling of graphs. Later on, this notion was extended to a general form 
( )L p q  labelling of graphs.Let p , q  be two nonnegative integers. An ( )L p q  labelling of a graph 
G  is a function f  from its vertex set ( )V G  to the set {0 1 }k  "  for some positive integer k  such 
that ( ) ( )f x f y p_  _t  if x  and y  are adjacent, and ( ) ( )f x f y q_  _t  if x  and y  are at 
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distance 2. The ( )L p q  labelling number ( )G p qO    of G  is the smallest k  such that G  has an 
( )L p q  labelling f  with max { ( ) ( )}f V v V G k_   .
The ( )L p q  labelling, especially (2 1)L   labelling, of graphs have been studied rather 
extensively in recent years [3 4] .
Whittlesey, Georges and Mauro [5] investigated the (2 1)L   labelling of incidence graphs. The 
incidence graph of a graph G  is the graph obtained from G  by replaced each edge by a path of length 
2. The (2 1)L   labelling of the incidence graph of G  is equivalent to an assignment of integers to each 
element of ( ) ( )V G F G  such that adjacent vertices have different labels, adjacent edges have 
different labels, and incident vertex and edge have the difference of labels by at least 2.This labelling is 
called (2 1)L   total labelling, which was introduced by Havet and Yu [6 7]  and generalized to the 
( 1)L d   total labelling of a graph G . Let 1d t  be an integer. A ( 1)L d   total labelling of a graph 
G  is a function f  from ( ) ( )V G E G  to the set {0 1 }k  "  such that ( ) ( ) 1f x f v_  _t  if u ,
v  are two adjacent vertices, ( ) ( ) 1f e f g_  _t  if e , g  are two adjacent edges, and 
( ) ( )f u f e d_  _t  if a vertex u  is incident to an edge e . The ( 1)L d  total labelling number, 
denoted by ( )Td GO , is the least integer k  such that G  has a ( 1)k L d   total labelling. When 
1d  , the (1 1)L   total labelling is just the total coloring of graphs. This notion has been intensively 
studied [8]. In [10], it was proved that ( ) 2 log( 2) 1 2log(16 10)Td G d dO d '  '       for any 
graph G , and if 3' t  then ( ) 2Td GO d ' , if 5' t  is odd then 2 ( ) 2 1
T GO d '  .The
( 1)L d  total labelling of some special graphs have been studied, e.g., complete graphs [12], complete 
bipartite graphs for 2d   [9], planar graphs [10], outerplanar graphs for 2d   [11], graphs with a 
given maximum average degree [12], etc.  
Suppose that T  is a tree with 3' t . We know that 21 ( ) 2
T TO'  d d '  . T  is called type 1 if 
2 ( ) 1
T TO  '   and type 2 if 2 ( ) 2
T TO  '  . In this paper, we give a sufficient condition for a tree T
with 4'   to be type 1.We first introduce some notation. For a tree T , we denote its vertex set, edge 
set and maximum degree by ( )V T , ( )E T  and ( )T' , respectively. Let ( )Td v  denote the degree of a 
vertex v . A vertex of degree k  is called k  vertex. A vertex v  is said to be major if ( )d v  ' , minor 
if ( )d v  ' , a leaf if ( ) 1d v  , and A major handle is a '  vertex adjacent to exactly one vertex of 
degree greater than 1. A weak major handle is a '  vertex adjacent to exactly two vertices of degree 
greater than 1. Let ( )Td x y  denote the distance between two vertices x  and y  in T , i.e., the length of 
a shortest path connecting x  and y  in T . For a vertex ( )v V T , let ( ) { ( )TN v u u V T _   and 
( ) 1}Td u v   and [ ] { ( ) }T TN v N v v  . Let ( ) { ( )TD T d u v u v'   _   are two '  vertices}. If 
there are no confusions in the context, we use ( ) [ ] ( ) ( )N v N v d v d v uO'       and D'  to denote 
( ) ( ) ( ) [ ] ( ) ( )T T T TT T N v N v d v d u vO'        and ( )D T' , respectively. And we use k  total 
labelling to denote (2 1)k L   total labelling.  
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A star is a tree that consists of '  leaves (A leaf is a 1 vertex) and a '  vertex. A generalized star 
is a tree that all vertices are leaves except that two adjacent vertices. Obviously, a star is also a 
generalized star and the (2 1)L   total labelling number of a generalized star is 1'  . Let M  denote a 
generalized star, a tree of order 8 consisting two adjacent 4-vertices and four leaves. Let 1 4K   denote the 
star of order 5. Clearly, both 1 4K   and M  are type 1.
2 Tree with 4'  
Suppose that T  is a type 1 tree with 4'  . Let f  be a 5 total labelling of T  using the label set 
{0 1 2 3 4 5}E       . From f , we can define a new 5 total labelling f c  of T  by 
( ) 5 ( )f x f xc    for each ( ) ( )x V T E T  . It is easy to see that f c  is a 5 total labelling of 
T  using the label set E , in which the label 0 is replaced by 5, 1 by 4, 2 by 3, 3 by 2, 4 by 1, 5 by 0. 
Thus, we call f c  the symmetric switching of f , or the symmetric labelling of f .
A star is a tree that consists of '  leaves (A leaf is a 1 vertex) and a '  vertex. A generalized star 
is a tree that all vertices are leaves except that two adjacent vertices. Obviously, a star is also a 
generalized star and the (2 1)L   total labelling number of a generalized star is 1'  . Let M  denote a 
generalized star, a tree of order 8 consisting two adjacent 4-vertices and four leaves. Let 1 4K   denote the 
star of order 5. Clearly, both 1 4K   and M  are type 1.
If T  does not contain the following configurations: A 4-vertex adjacent to three other 4-vertices, we 
call T  contains no(Y1).  
Theorem 1 Let T  be a tree with 4'   that is not a star. If T  is not a generalized star and contains 
no (Y1), then T  contains one of the following configurations:  
(C1) A leaf v  adjacent to a minor vertex u .
(C2) A path 1 2 3 4x x x x  such that 2( ) 2d x   and 1x  is a major handle.  
(C3) A path 1 2 3 4x x x x  such that 2( ) 3d x  , 1x  is a major handle and 2 1 2x y y  is a path, where 1y  is 
a neighbor of 2x  with 1y  is a major handle.  
(C4) A path 1 2 3 4x x x x  such that 1x  is a major handle and 2x  is a weak major handle.  
(C5) A path 1 2 3 4x x x x  such that 1x  is a major handle and 2x  is '  degree, 2 1 2x y y  is a path, where 
1y  is a neighbor of 2x  with 1y  is a major handle, the neighbor of 2x  other than 1 3x x  and 1y  is a leaf.
Proof Suppose that T  does not contain (C1). Let us prove that T  contains one of (C2)-(C5). First we 
have the following assertions.  
Claim 1. Every leaf of T  is adjacent to a major vertex.  
Let 1 0 1 2 mP x x x x "  be a longest path in T .
Claim 2. 1x  is a major handle and 4m t .
Since T  is not a generalized star, we know that 4m t .
Case 1. If 2( ) 2d x  , then we have (C2).
Case 2. If 2( ) 3d x  .
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Let 2 2 1 kP x y y "  be a longest path starting from 2( )d x  and not going along 1P . We have 2k  
since T  contains no (C1), then 1y  is a major handle, then we have (C3).  
Case 3. If 2( ) 4d x  .
Let 3 2 1 kP x y y " , Let 4 2 1 sP x z z "  be longest paths starting from 2( )d x  and not going along 
1P . Since T  contains no (Y1), we have the following two subcases.  
Subcase 1 1k s  , then we have (C4).
Subcase 2 2 1k s   , then 1y  is a major handle, then we have (C5).   
Lemma [14]2  Let T  be a tree with 4' t . Let v  be a major handle of T  adjacent to 1'   leaves 
1 2 3 1x x x x'   "  and a vertex x' . If the tree 1 2 3 1{ }T x x x x'    "  has a ( 1)'   total labelling 
f  using the label set {0 1 1}E    ' "  with ( ) {0 1}f v  '  , then f  can be extended to a 
( 1)'   total labelling of T .
Proof. Let { ( ) 1 ( ) ( ) 1 ( )}f v f v f v f vxE Ec '       . Then 
3 2 3 1E Ec_ _ _ _   '    '   because ( ) {0 1}f v  '  . Thus, edges 1 2 1vx vx vx'  "  can 
be labelled with mutually different labels from E c . For each 1 2 1i    ' " , there is an label 
{ ( ) ( ) 1 ( ) ( ) 1}i i i ic f v f vx f vx f vxE       , since 2 6E_ _ '  t . By labelling ix  with ic ,
we extend f  to the whole tree T .
Theorem 3 Let T  be a tree with 4'   that contains configuration (C2). If 1 1( )T x L x   has a 
( 1)'   total labelling f , so does T .
Proof The proof is proceeded by induction on the vertex number T_ _ . By the induction hypothesis, 
1 1( )T x L x   has a ( 1)'   total labelling in {0 1 1}E    ' " .
If 2( ) {0 5}f x   . Without loss of generality, suppose that 2( ) 0f x  , then we let 1( ) 5f x  ,
2 1 1 2 3 1( ) {0 1 4 5 ( )} 2 4 1f x x f x xE E E       _ _ '    .
If 2( ) {0 5}f x   , then 
2 1 2 2 2 2 2 3( ) { ( ) ( ) 1 ( ) 1 ( )}f x x f x f x f x f x xE E         , 2 2 4 2E_ _ '    
1 2 1 2 1 2 1 2( ) {0 5} { ( ) ( ) 1 ( ) 1 ( )}f x f x x f x x f x x f x        .Since at most one of 2 1( )f x x  and 
2( )f x  can be 0 or 5, 1( )f x  can be labelled easily.  
By Lemma 2, we can extend f  to the whole tree T .   
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